Abstract. In this paper we introduce generalizations of diagonal crossed products, two-sided crossed products and two-sided smash products, for a quasi-Hopf algebra H. The results we obtain may then be applied to H * -Hopf bimodules and generalized Yetter-Drinfeld modules. The generality of our situation entails that the "generating matrix" formalism cannot be used, forcing us to use a different approach. This pays off because as an application we obtain an easy conceptual proof of an important but very technical result of Hausser and Nill concerning iterated two-sided crossed products.
Introduction
Quasi-bialgebras and quasi-Hopf algebras were introduced by Drinfeld in [6] , in connection with the Knizhnik-Zamolodchikov equations, but also as very natural (especially from the tensor-categorical point of view) generalizations of bialgebras and Hopf algebras. Let k be a field, H an associative algebra and ∆ : H → H ⊗ H and ε : H → k two algebra morphisms. Roughly speaking, H is a quasi-bialgebra if the category H M of left H-modules, equipped with the tensor product of vector spaces endowed with the diagonal H-module structure given via ∆, and with unit object k viewed as a left H-module via ε, is a monoidal category (if we impose the associativity constraints to be the trivial ones, we obtain the usual concept of bialgebra). The comultiplication ∆ is not coassociative but is quasi-coassociative in the sense that ∆ is coassociative up to conjugation by an invertible element Φ ∈ H ⊗ H ⊗ H. Note that the definition of a quasi-bialgebra or quasi-Hopf algebra is not self-dual.
Actions and coactions on algebras are an important part of the theory of Hopf algebras, and they have been extended to quasi-Hopf algebras: module algebras have been studied in [2] , while (bi) comodule algebras were introduced in [7] .
Over a finite dimensional Hopf algebra H, speaking about module algebras or comodule algebras is the same thing, since a left (right) H-module algebra is the same as a right (left) H * -comodule algebra. This does no longer hold over quasiHopf algebras, where a comodule algebra is an associative algebra but a module algebra is associative only in a tensor category, so in general being nonassociative as an algebra (for instance, the nonassociative algebra of octonions is such a module algebra over a certain quasi-Hopf algebra, cf. [1] ). This fact leads to the following situation: a concept, construction, result etc. from the theory of Hopf algebras might admit more different generalizations when passing to quasi-Hopf algebras.
Such a situation occurs in this paper. To explain it, we recall some facts from [7] . If H is a finite dimensional quasi-Hopf algebra and A is an H-bicomodule algebra, Hausser and Nill introduced the so-called diagonal crossed products H * ⊲⊳ A, H * ◮◭ A, A ⊲⊳ H * and A ◮◭ H * , which are all (isomorphic) associative algebras and have the property that for A = H they are realizations of the quantum double of H, which has been introduced before by Majid in [10] in the form of an implicit Tannaka-Krein reconstruction procedure. Also, if A and B are a right and respectively a left H-comodule algebra, Hausser and Nill introduced an associative algebra structure on A⊗H * ⊗B, denoted by A >⊳ H * ⊲< B and called the two-sided crossed product, which has the property that with respect to the natural bicomodule algebra structure on A⊗B one has an algebra isomorphism A >⊳ H * ⊲< B ≃ (A⊗B) ⊲⊳ H * . Their motivation for introducing these constructions was the need to extend to the quasi-Hopf setting some models of Hopf spin chains and lattice current algebras from algebraic quantum field theory (see the introduction of [7] for details). For this purpose, one of the key results in [7] was that the two-sided crossed products can be iterated, providing thus a local net of associative algebras, with quantum double cosymmetry. Now, if H is a finite dimensional Hopf algebra, the construction A >⊳ H * ⊲< B may be described equivalently with module algebras instead of comodule algebras, and it becomes a two-sided smash product A#H#B (where A and B are a left, respectively a right H-module algebra), with multiplication given by
for all a, a ′ ∈ A, h, h ′ ∈ H and b, b ′ ∈ B. It is this construction that we first wanted to generalize to quasi-Hopf algebras (where it will be different from the two-sided crossed product of Hausser and Nill). The need for such a construction arose as follows. It was proved in [12] that, for a finite dimensional Hopf algebra H, the category H * for H a finite dimensional quasi-Hopf algebra, but observed that we could not use the two-sided crossed product of Hausser and Nill, we needed a generalization of the two-sided crossed product from Hopf algebras in the other direction (the one based on module algebras and not on comodule algebras). After constructing this twosided smash product A#H#B, we wanted to express it as some sort of diagonal crossed product (A ⊗ B) ⊲⊳ H, and we were led naturally to consider a generalized diagonal crossed product A ⊲⊳ A, where A is an H-bimodule algebra and A is an H-bicomodule algebra.
We describe now more formally the structure of this paper (H will be a fixed quasi-Hopf algebra or sometimes only a quasi-bialgebra). In Section 3 we introduce the left and right generalized diagonal crossed products A ⊲⊳ δ A and A ⊲⊳ δ A (which will turn out to be isomorphic), where A is an H-bimodule algebra and A is an associative algebra endowed with a two-sided coaction of H on it, and we prove their associativity. If A is an H-bicomodule algebra, one can construct out of it two two-sided coactions δ l and δ r , hence we have four generalized diagonal crossed products A ⊲⊳ A, A ◮◭ A, A ⊲⊳ A and A ◮◭ A.
In Section 4 we construct, starting with a bicomodule algebra A, two left H ⊗H opcomodule algebra structures on A, denoted by A 1 and A 2 . Regarding A as a left H ⊗ H op -module algebra, we identify A ⊲⊳ A and A ◮◭ A with the generalized smash products (in the sense of [4] ) A◮<A 1 and A◮<A 2 . We prove that A 1 and A 2 are twist equivalent as left H ⊗ H op -comodule algebras, and we obtain that A ⊲⊳ A ≃ A ◮◭ A as algebras.
In Section 5 we consider a left H-module algebra A and a right H-module algebra B. We first describe a slight generalization of the two-sided crossed product A >⊳ H * ⊲< B, replacing H * by A, and call this algebra the generalized twosided crossed product. Then we construct the two-sided generalized smash product A◮<A >◭ B, which for A = H is exactly the two-sided smash product A#H#B that we needed.
In Section 6 we prove the algebra isomorphisms A >⊳ A ⊲< B ≃ A ⊲⊳ (A⊗B) and A◮<A >◭ B ≃ (A ⊗ B) ⊲⊳ A, obtaining in particular that the generalized diagonal crossed product (A ⊗ B) ⊲⊳ (A ⊗ B) is isomorphic with both A◮<(A ⊗ B) >◭ B and A >⊳ (A ⊗ B) ⊲< B.
In Section 7 we study the invariance under twisting of our constructions. Starting with Section 8 we move to applications. We prove first that both two-sided products (the generalized two-sided crossed product and the two-sided generalized smash product) may be written as some iterated products. Together with the fact that a generalized smash product A◮<A becomes a right H-comodule algebra (and similarly for A >◭ B), this allows us to obtain a very easy, conceptual and constructive proof of the theorem of Hausser and Nill concerning iterated two-sided crossed products. As a by-product of our approach, we obtain also that the iterated products arising in this theorem are actually isomorphic to a two-sided generalized smash product.
In Section 9 we prove what was our original motivation for this paper, namely that the category H * H * M H * H * of H * -Hopf bimodules over a finite dimensional quasiHopf algebra H is isomorphic to H * #(H⊗H op )#H * M. Along the way we obtain some other results of independent interest, such as the description of left modules over a two-sided smash product.
In Section 10 we prove that, if (H, A, C) is a so-called Yetter-Drinfeld datum (here, C is an H-bimodule coalgebra) with C finite dimensional, then the category A YD(H) C of (generalized) Yetter-Drinfeld modules is isomorphic to the category of left modules over the generalized diagonal crossed product C * ⊲⊳ A. Some remarks on techniques are in order. What is characteristic in the approach of Hausser and Nill to their constructions is the systematic use of the so-called "generating matrix" formalism of the St. Petersburg school (the use of δ-implementers, λρ-intertwiners etc). The replacement of H * by an arbitrary H-bimodule algebra in our definition of the generalized diagonal crossed products makes the use of this formalism impossible, so most of our proofs are different in spirit from the ones of Hausser and Nill, and often easier (just compare our proof of the theorem concerning iterated two-sided crossed products with the original one in [7] ), providing thus also an alternative approach to the constructions of Hausser and Nill. Another alternative approach has been provided by Schauenburg in [13] (using categorical techniques).
Preliminaries
In this section we recall some definitions and results and fix notation used throughout the paper.
2.1. Quasi-bialgebras and quasi-Hopf algebras. We work over a field k. All algebras, linear spaces etc. will be over k; unadorned ⊗ means ⊗ k . Following Drinfeld [6] , a quasi-bialgebra is a fourtuple (H, ∆, ε, Φ), where H is an associative algebra with unit, Φ is an invertible element in H ⊗ H ⊗ H, and ∆ : H → H ⊗ H and ε : H → k are algebra homomorphisms satisfying the identities
for all h ∈ H, and Φ has to be a normalized 3-cocycle, in the sense that
The identities (2.2), (2.3) and (2.4) also imply that
The map ∆ is called the coproduct or the comultiplication, ε the counit and Φ the reassociator. As for bialgebras (see [15] ) we denote ∆(h) = h 1 ⊗ h 2 , but since ∆ is only quasi-coassociative we adopt the further convention (summation understood):
for all h ∈ H. We will denote the tensor components of Φ by capital letters, and those of Φ −1 by small letters, namely
The quasi-bialgebra H is called a quasi-Hopf algebra if there exists an antiautomorphism S of the algebra H and elements α, β ∈ H such that, for all h ∈ H, we have:
For a quasi-Hopf algebra the antipode is determined uniquely up to a transfor-
, where U ∈ H is invertible. The axioms for a quasi-Hopf algebra imply that ε(α)ε(β) = 1, so, by rescaling α and β, we may assume without loss of generality that ε(α) = ε(β) = 1 and ε • S = ε.
Together with a quasi-bialgebra or a quasi-Hopf algebra H = (H, ∆, ε, Φ, S, α, β) we also have H op , H cop and H op,cop as quasi-bialgebras (respectively quasi-Hopf algebras), where "op" means opposite multiplication and "cop" means opposite comultiplication. The structures are obtained by putting
, α op,cop = β and β op,cop = α. Next we recall that the definition of a quasi-bialgebra or quasi-Hopf algebra is "twist covariant" in the following sense. An invertible element F ∈ H ⊗ H is called a gauge transformation or twist if (ε ⊗ id)(F ) = (id ⊗ ε)(F ) = 1. If H is a quasi-bialgebra or a quasi-Hopf algebra and
, then we can define a new quasibialgebra (respectively quasi-Hopf algebra) H F by keeping the multiplication, unit, counit (and antipode in the case of a quasi-Hopf algebra) of H and replacing the comultiplication, reassociator and the elements α and β by
It is known that the antipode of a Hopf algebra is an anti-coalgebra morphism. For a quasi-Hopf algebra, we have the following: there exists a gauge transformation f ∈ H ⊗ H such that
The element f can be computed explicitly. First set
and then define γ, δ ∈ H ⊗ H by
Then f and f −1 are given by the formulae
Moreover, f satisfies the following relations:
Furthermore the corresponding twisted reassociator (see (2.9) ) is given by
The category H M (M H ) of left (right) H-modules becomes a monoidal category (see [9, 11] for the terminology) with tensor product ⊗ given via ∆, associativity constraints a U,V,W (a U,V,W ), unit k as a trivial H-module and the usual left and right unit constraints. Now, let H be a quasi-bialgebra. We say that a k-vector space A is a left Hmodule algebra if it is an algebra in the monoidal category H M, that is A has a multiplication and a usual unit 1 A satisfying the following conditions:
for all a, a ′ , a ′′ ∈ A and h ∈ H, where h ⊗ a → h · a is the left H-module structure of A. Following [2] we define the smash product A#H as follows: as vector space A#H is A ⊗ H (elements a ⊗ h will be written a#h) with multiplication given by
for all a, a ′ ∈ A, h, h ′ ∈ H. This A#H is an associative algebra with unit 1 A #1 H and it is defined by a universal property (as Heyneman and Sweedler did for Hopf algebras), see [2] . It is easy to see that H is a subalgebra of A#H via h → 1#h, A is a k-subspace of A#H via a → a#1 and the following relations hold:
for all a ∈ A, h, h ′ ∈ H. For further use we need the notion of right H-module algebra. Let H be a quasibialgebra. We say that a k-linear space B is a right H-module algebra if B is an algebra in the monoidal category M H , i.e. B has a multiplication and a usual unit 1 B satisfying the following conditions:
′′ ∈ B and h ∈ H, where b ⊗ h → b ·h is the right H-module structure of B. Also, we can define a (right-handed) smash product H#B as follows: as vector space H#B is H ⊗ B (elements h ⊗ b will be written h#b) with multiplication:
This H#B is an associative algebra with unit 1 H #1 B . In fact, one can see that B op becomes a left H op,cop -module algebra and under the trivial permutation of tensor factors we have (B op #H op,cop ) op = H#B.
2.3.
Comodule algebras and generalized smash products. Recall from [7] the notion of comodule algebra over a quasi-bialgebra.
Definition 2.1. Let H be a quasi-bialgebra. A unital associative algebra A is called a right H-comodule algebra if there exist an algebra morphism ρ : A → A ⊗ H and an invertible element Φ ρ ∈ A ⊗ H ⊗ H such that:
Similarly, a unital associative algebra B is called a left H-comodule algebra if there exist an algebra morphism λ : B → H⊗B and an invertible element Φ λ ∈ H⊗H⊗B such that the following relations hold:
When H is a quasi-bialgebra, particular examples of left and right H-comodule algebras are given by A = B = H and ρ = λ = ∆, Φ ρ = Φ λ = Φ.
For a right H-comodule algebra (A, ρ, Φ ρ ) we will denote
for any a ∈ A. Similarly, for a left H-comodule algebra (B, λ, Φ λ ), if b ∈ B then we will denote
In analogy with the notation for the reassociator Φ of H, we will write
and similarly for the element Φ λ of a left H-comodule algebra B. When there is no danger of confusion we will omit the subscripts ρ or λ for the tensor components of the elements Φ ρ , Φ λ or for the tensor components of the elements Φ −1
λ . If A is a right H-comodule algebra then we define the elementsp ρ ,q ρ ∈ A ⊗ H as follows:
ρ . By [7, Lemma 9 .1], we have the following relations, for all a ∈ A:
where f = f 1 ⊗ f 2 is the element defined in (2.13) and f −1 = g 1 ⊗ g 2 . Let H be a quasi-bialgebra, A a left H-module algebra and B a left H-comodule algebra. Denote by A◮<B the k-vector space A ⊗ B with multiplication:
for all a, a ′ ∈ A and b, b ′ ∈ B. By [4] , A◮<B is an associative algebra with unit 1 A ◮<1 B . If we take B = H then A◮<H is just the smash product A#H. For this reason the algebra A◮<B is called the generalized smash product of A and B.
Similarly, if B is a right H-module algebra and A is a right H-comodule algebra, then we denote by A >◭ B the k-vector space A ⊗ B with the newly defined multiplication
It is easy to see that A >◭ B is an associative algebra with unit 1 A >◭ 1 B . Of course, if A = H then H >◭ B = H#B as algebras.
2.4.
Bimodule algebras and bicomodule algebras. The following definition was introduced in [7] under the name "quasi-commuting pair of H-coactions". Definition 2.2. Let H be a quasi-bialgebra. By an H-bicomodule algebra A we mean a quintuple (λ, ρ, Φ λ , Φ ρ , Φ λ,ρ ), where λ and ρ are left and right H-coactions on A, respectively, and where Φ λ ∈ H ⊗H ⊗A, Φ ρ ∈ A⊗H ⊗H and Φ λ,ρ ∈ H ⊗A⊗H are invertible elements, such that:
is a right H-comodule algebra; -the following compatibility relations hold:
As pointed out in [7] , if A is a bicomodule algebra then, in addition, we have that
As a first example of a bicomodule algebra is A = H, λ = ρ = ∆ and Φ λ = Φ ρ = Φ λ,ρ = Φ. For the left and right comodule algebra structures of A we will use notation as above. For simplicity we denote
As we mentioned before, if H is a quasi-bialgebra then so is H op , where "op" means the opposite multiplication. The reassociator of
op is a quasi-bialgebra with reassociator
If we identify left H ⊗ H op -modules with H-bimodules, then the category of Hbimodules, H M H , is monoidal, the associativity constraints being given by a
for any U, V, W ∈ H M H and u ∈ U , v ∈ V and w ∈ W . Therefore, we can define algebras in the category of H-bimodules. Such an algebra will be called an H-bimodule algebra. More exactly, a k-vector space A is an H-bimodule algebra if A is an H-bimodule (denote the actions by h · ϕ and ϕ · h, for h ∈ H and ϕ ∈ A) which has a multiplication and a usual unit 1 A such that for all ϕ, ϕ ′ , ϕ ′′ ∈ A and h ∈ H the following relations hold:
Let H be a quasi-bialgebra. Then H * , the linear dual of H, is an H-bimodule via the H-actions
it is not in general associative, but with this multiplication H * becomes an H-bimodule algebra.
Generalized diagonal crossed products
In order to define the generalized diagonal crossed products we need the notion of two-sided coaction.
Let H be a quasi-bialgebra and A a unital associative algebra. Recall from [7] that a two-sided coaction of H on A is a pair (δ, Ψ) where δ : A → H ⊗ A ⊗ H is an algebra map and Ψ ∈ H ⊗2 ⊗ A ⊗ H ⊗2 is an invertible element such that the following relations hold:
If H is a quasi-bialgebra then to any H-bicomodule algebra (A, λ, ρ, Φ λ , Φ ρ , Φ λ,ρ ) one can associate (see [7] ) two two-sided H-coactions, denoted by (δ l , Ψ l ) and (δ r , Ψ r ). More precisely
H ], and
Let H be a quasi-Hopf algebra, A an H-bimodule algebra and (δ, Ψ) a two-sided coaction of H on a unital associative algebra A. Denote δ(u) :
, and then define
Here f = f 1 ⊗ f 2 is the twist defined in (2.13) and f −1 = g 1 ⊗ g 2 is its inverse. We denote by A ⊲⊳ δ A and A ⊲⊳ δ A the k-vector spaces A ⊗ A and respectively A ⊗ A, furnished with the multiplications given respectively by:
for all u, u ′ ∈ A and ϕ, ϕ ′ ∈ A, where we write ϕ ⊲⊳ δ u and u ⊲⊳ δ ϕ in place of ϕ ⊗ u and respectively u ⊗ ϕ to distinguish the new algebraic structures, and where
δ are the elements defined by (3.7) and (3.8), respectively. We call A ⊲⊳ δ A and A ⊲⊳ δ A the left, and respectively right, generalized diagonal crossed product between A and A.
The following (technical) lemma, expressing some relations fulfilled by the elements Ω δ and Ω ′ δ , will be essential in the sequel. It will help us to prove that the generalized diagonal crossed products defined above are associative algebras, and moreover it will allow us to regard an H-bicomodule algebra A, in two ways, as a left H ⊗ H op -comodule algebra. We would like to stress that for these two aims, the explicit formulae for Ω δ and Ω ′ δ are not so important, any other elements satisfying the relations in the lemma (plus some other minor conditions) are equally good, so it would be a natural question to ask whether there exist other such elements.
Lemma 3.1. Let H be a quasi-Hopf algbera, A a unital associative algebra and
δ be the element defined by (3.7) . Then for all u ∈ A the following relations hold:
δ be the element defined by (3.8) . Then for all u ∈ A the following relations hold:
Proof. We will prove only (a), (b) being similar. The relation (3.11) follows easily by applying (3.7), (3.1) and (2.11), the details are left to the reader. We prove now (3.12). We will not perform all the computations, but we will point out the relations that are used at every step. So, we compute:
as claimed. We denoted by
another copy of Ψ −1 and by
another copy of the Drinfeld twist f defined in (2.13).
Suppose now that A is an H-bicomodule algebra and let (δ, Ψ) = (δ l/r , Ψ λ/r ) be the two-sided coactions defined by (3.5) and (3.6), respectively. For simplicity
is the twist defined in (2.13). For further use we record the fact that the formulae in Lemma 3.1 (a) specialize to (δ l/r , Ψ l/r ) as follows (for all u ∈ A):
and respectively
where we denoted by
is an H-bicomodule algebra then it is not hard to see that
is an H op,cop -bicomodule algebra (by τ X,Y : X ⊗Y → Y ⊗X we denoted the switch map x⊗y → y ⊗x). Moreover, in H op,cop we have that the Drinfeld twist (defined for an arbitrary quasi-Hopf algebra in (2.13)) is given by f op,cop = f
where f is the Drinfeld twist of H. Now, if we denote by Ω op,cop and ω op,cop the elements Ω δ l/r corresponding to the H op,cop -bicomodule algebra A op,cop , then one can easily check that
so we restrict to the study of the elements Ω, ω and their associated constructions. Finally, for this particular situation we denote
where A is an arbitrary H-bimodule algebra. So the first two constructions are left generalized diagonal crossed products and the last two are right generalized diagonal crossed products. For example, the multiplications in A ⊲⊳ A and A ◮◭ A are given by
for all ϕ, ϕ ′ ∈ A and u, u ′ ∈ A, where we write ϕ ⊲⊳ u and ϕ ◮◭ u in place of ϕ ⊗ u to distinguish the new algebraic structures.
We are now ready to show that the generalized diagonal crossed products are unital associative algebras. Proposition 3.2. Let H be a quasi-Hopf algebra, A a unital associative algebra and (δ, Ψ) a two-sided coaction of H on A. Consider A ⊲⊳ δ A and A ⊲⊳ δ A, the k-vector spaces A ⊗ A and respectively A ⊗ A, endowed with the multiplications defined in (3.9) and (3.10) , respectively. Then these products define on A ⊲⊳ δ A and A ⊲⊳ δ A two structures of associative algebra with unit
Consequently, if A is an H-bicomodule algebra and A is an H-bimodule algebra then A ⊲⊳ A, A ◮◭ A, A ⊲⊳ A and A ◮◭ A are associative algebras containing A as unital subalgebra.
Proof. We will give the proof only for A ⊲⊳ δ A, the one for A ⊲⊳ δ A being similar (it will use the relations satisfied by Ω ′ δ , instead of the ones satisfied by Ω δ ). For ϕ, ϕ ′ , ϕ ′′ ∈ A and u, u ′ , u ′′ ∈ A we compute:
The fact that 1 A ⊲⊳ δ 1 A is the unit follows easily from the (co) unit axioms.
Examples 3.4. 1) As we mentioned before, if H is a quasi-Hopf algebra then H * is an H-bimodule algebra, hence it makes sense to consider the algebras H * ⊲⊳ δ A and A ⊲⊳ δ H * , which are exactly the left and right diagonal crossed products constructed in [7] . For this reason we called the algebras in Proposition 3.2 the generalized diagonal crossed products.
2) Let A be a left H-module algebra. Then A becomes an H-bimodule algebra, where the right H-action is given via ε. In this particular case A ⊲⊳ H and A ◮◭ H coincide both to the smash product algebra A#H. Moreover, if we replace the quasi-Hopf algebra H by an arbitrary H-bicomodule algebra A, then A ⊲⊳ A and A ◮◭ A coincide with the generalized smash product algebra A◮<A. Therefore, the generalized diagonal crossed products may be viewed as a generalization of the (generalized) smash product.
3) As we have already mentioned, H itself is an H-bicomodule algebra. So, in this case, the multiplications of the generalized diagonal crossed products A ⊲⊳ H and A ◮◭ H specialize to
are now given by: (3.26) and where f = f 1 ⊗ f 2 is the twist defined in (2.13). 4) Let H be an ordinary Hopf algebra with bijective antipode, A an H-bimodule algebra and A an H-bicomodule algebra in the usual (Hopf) sense. In this case the multiplications of A ⊲⊳ A and A ◮◭ A coincide, and are given by
for all ϕ, ϕ ′ ∈ A and u, u ′ ∈ A, where
This construction appears in [17] , in a slightly different form (namely, with S instead of S −1 ), under the name "generalized twisted smash product" (a particular case, when A = H, was introduced in [16] ).
Let H be a quasi-Hopf algebra. For an H-bicomodule algebra A and an Hbimodule algebra A the multiplications of the right generalized diagonal crossed products A ⊲⊳ A and A ◮◭ A are the following. If
for all u, u ′ ∈ A and ϕ, ϕ ′ ∈ A. We know from Proposition 3.2 that A ⊲⊳ A and A ◮◭ A are associative algebras with unit 1 A ⊲⊳ 1 A and 1 A ◮◭ 1 A , respectively, containing A as unital subalgebra. In fact, under the trivial permutation of tensor factors we have that
where the left generalized diagonal crossed products are made over H op,cop . Note that A op becomes an H op,cop -bimodule algebra via the actions h· op ϕ· op h ′ = h ′ ·ϕ·h, for all h, h ′ ∈ H and ϕ ∈ A. In the sequel we will restrict to the study of the left generalized diagonal crossed products.
Remark 3.5. Let H be a quasi-Hopf algebra and A an H-bicomodule algebra. In [7] , Hausser and Nill proved that the two left (right) diagonal crossed products H * ⊲⊳ A (A ⊲⊳ H * ) and H * ◮◭ A (A ◮◭ H * ) are isomorphic as algebras, and then that these four diagonal crossed products are isomorphic as algebras. We will prove in the next section that such result is also true for generalized diagonal crossed products, but as a consequence of the fact that the (generalized) diagonal crossed products can be written as some generalized smash products, and of an explicit algebra isomorphism between A ⊲⊳ A and A ⊲⊳ A. Remark 3.6. There exists a very general scheme, due to Schauenburg [14] , for constructing associative algebras starting with a monoidal category acting on a category of modules, and it is likely that the generalized diagonal crossed products fit into this scheme. However, we have chosen to prove the associativity of A ⊲⊳ δ A by direct computation, first because Schauenburg's machinery is itself quite complicated, and second because the difficulty of our proof lies actually only in Lemma 3.1, which is needed anyway in the next section.
If H is a finite dimensional quasi-Hopf algebra and A is an H-bicomodule algebra, Hausser and Nill constructed a map Γ from H * to the diagonal crossed product A ⊲⊳ H * , having the property that A ⊲⊳ H * is generated as algebra by A and Γ(H * ). Such a map may also be constructed for the generalized diagonal crossed products. We need first the following result.
Lemma 3.7. Let H be a quasi-Hopf algebra, A an H-bimodule algebra and A an H-bicomodule algebra. Then, for all ϕ ∈ A, we have
wherep ρ andq ρ are given by (2.34 ).
Proof. We compute:
which finishes the proof.
Proposition 3.8. Let H be a quasi-Hopf algebra, A an H-bimodule algebra and A an H-bicomodule algebra. Define the map Γ : A → A ⊲⊳ A,
, for all ϕ ∈ A. Then A ⊲⊳ A is generated as algebra by A and Γ(A).
Proof. By the previous lemma it follows that
for all ϕ ∈ A, so for ϕ ∈ A and u ∈ A we can write
We will see other properties of the map Γ in subsequent sections. We prove now a sort of associativity property of generalized diagonal crossed products with respect to tensoring by an arbitrary associative algebra. Proposition 3.9. Let H be a quasi-Hopf algebra, A an H-bimodule algebra, A an H-bicomodule algebra and C an associative algebra. On A⊗C we have a (canonical) H-bicomodule algebra structure, yielding algebra isomorphisms
defined by the trivial identifications.
Proof. The H-bicomodule algebra structure on A ⊗ C is given in such a way that everything that happens on C is trivial, for instance the right H-comodule algebra structure is:
and one can easily check that indeed A ⊗ C becomes an H-bicomodule algebra. Also, it is easy to see that the elements Ω and ω for A ⊗ C are given by
where Ω = Ω 1 ⊗ · · · ⊗ Ω 5 and ω = ω 1 ⊗ · · · ⊗ ω 5 are the ones for A. Using this one obtains that the multiplications in A ⊲⊳ (A ⊗ C) and respectively A ◮◭ (A ⊗ C) coincide with those in (A ⊲⊳ A) ⊗ C respectively (A ◮◭ A) ⊗ C via the trivial identifications.
Generalized diagonal crossed products as generalized smash products
Let H be a quasi-Hopf algebra and A an H-bicomodule algebra. We define two left H ⊗ H op -coactions on A, as follows:
for all u ∈ A (of course, in the Hopf case these two coactions coincide).
If we look at the element Ω ∈ H ⊗2 ⊗ A ⊗ H ⊗2 given by (3.15) and consider the element (
where
2 is the element given by (2.14). We will denote by
Similarly, if we look at the element ω given by (3.16) and consider the element (
We will denote by Φ λ2 ∈ (H ⊗ H op ) ⊗ (H ⊗ H op ) ⊗ A this inverse. The next proposition generalizes the corresponding result obtained for Hopf algebras in [5] . Proof. It is easy to see that λ 1 and λ 2 are algebra maps, and also that the conditions (2.32) and (2.33) in the definition of a left comodule algebra are satisfied. Then the conditions (2.30) and (2.31) for (A, λ 1 , Φ λ1 ) (respectively for (A, λ 2 , Φ λ2 )) to be a left H ⊗ H op -comodule algebra are equivalent to the relations (3.17) and (3.18) fulfilled by Ω (respectively to the relations (3.19) and (3.20) fulfilled by ω).
We are now able to express the (generalized) diagonal crossed products over H as some generalized smash products over H ⊗ H op .
Proposition 4.2. Let H be a quasi-Hopf algebra, A an H-bimodule algebra and
A an H-bicomodule algebra. View A as a left H ⊗ H op -module algebra with action 
Proof. We only prove the first isomorphism, the second being similar. The multiplication in A◮<A 1 looks as follows (for all ϕ, ϕ ′ ∈ A and u, u ′ ∈ A):
and via the trivial identification this is exactly the multiplication of A ⊲⊳ A.
Recall that, for a finite dimensional quasi-Hopf algebra H, the quantum double D(H) was first introduced by Majid in [10] by an implicit Tannaka-Krein reconstruction procedure, and more explicit descriptions were obtained afterwards by Hausser and Nill in [7] , [8] [5] that the Drinfeld double of a finite dimensional Hopf algebra may be written as a generalized smash product. As a corollary to the previous proposition, we obtain a generalization of this result for quasi-Hopf algebras. Let us also record the fact that the two left H ⊗ H op -comodule algebra structures on H are defined as follows:
for all h ∈ H, and
2 is the element given by (2.14). Let again H be a quasi-Hopf algebra, A an H-bimodule algebra and A an Hbicomodule algebra. We intend to prove that the two generalized left diagonal crossed products A ⊲⊳ A and A ◮◭ A are isomorphic as algebras, using their description as generalized smash products. First we need a result on generalized smash products. Namely, let H be a quasi-bialgebra, A a left H-module algebra, B a left H-comodule algebra and U ∈ H ⊗ B an invertible element such that (ε ⊗ id B )(U ) = 1 B . If we define a map
then, by [7] , this is a new left H-comodule algebra structure on B, with
which will be denoted by B ′ (and we will say that B and B ′ are "twist equivalent"). We then may consider the generalized smash products A◮<B and A◮<B ′ .
Proposition 4.4. The map
is an algebra isomorphism, and moreover f (1 A ◮<b) = 1 A ◮<b, for all b ∈ B (that is, A◮<B and A◮<B ′ are equivalent extensions of B).
Proof. Follows by a direct computation.
In view of this proposition, it will be sufficient to prove that if A is an Hbicomodule algebra, then the two left H ⊗ H op -comodule algebras A 1 and A 2 constructed before are twist equivalent. To prove this, we need first a technical lemma (a part of it will be used also in a subsequent section).
Lemma 4.5. Let H be a quasi-Hopf algebra and A an H-bicomodule algebra. Consider the elements Ω and ω given by (3.15) and (3.16) . Then the following hold:
Proof. The relation (4.1) follows by applying (2.11), (2.45) and (2.44), we leave the details to the reader. We prove now (4.2). We compute:
as required. 
we have that
Proof. The first relation follows immediately from (2.43), and the second is equivalent to the relation (4.2) proved in the previous lemma.
As a consequence of these results and (3.30), we obtain: 
and by (4.2) it follows that Ω = ω. So, in this case we have that A ⊲⊳ A and A ◮◭ A are not only isomorphic, but they actually coincide, and that A 1 and A 2 also coincide. An example of such an A is the tensor product A ⊗ B, where A is a right comodule algebra and B is a left comodule algebra, see [7] . We will encounter another example in a subsequent section.
We end this section by showing that the left generalized diagonal crossed products are isomorphic, as algebras, to the right generalized diagonal crossed products.
Let H be a quasi-Hopf algebra, A a unital associative algebra and (δ, Ψ) a twosided coaction of H on A. We associate to (δ, Ψ) the elements p δ , q δ ∈ H ⊗ A ⊗ H as follows:
By [7] we have the following relations, for all u ∈ A:
is the Drinfeld twist defined in (2.13). Moreover, the definitions of q δ and of a two-sided coaction imply
for all h ∈ H, which have been established in [7] . Proposition 4.9. Let H be a quasi-Hopf algebra, (δ, Ψ) a two-sided coaction of H on an associative unital algebra A, and A an H-bimodule algebra. Then the map ϑ : A ⊲⊳ δ A → A ⊲⊳ δ A defined for all ϕ ∈ A and u ∈ A by
an algebra isomorphism. In particular, if A is an H-bicomodule algebra then we get that all four generalized diagonal crossed products A ⊲⊳ A, A ⊲⊳ A, A ◮◭ A and A ◮◭ A are isomorphic as unital algebras.
Proof. We show that ϑ is multiplicative. For any ϕ, ϕ ′ ∈ A and u, u ′ ∈ A we have:
δ another copy of q δ and by
another copy of f ). It is easy to see that the unit and counit properties imply ϑ(1 A ⊲⊳ δ 1 A ) = 1 A ⊲⊳ δ 1 A , so it remains to show that ϑ is bijective. To this end, define ϑ −1 : A ⊲⊳ δ A → A ⊲⊳ δ A given for all u ∈ A and ϕ ∈ A by
δ is the element defined in (4.3). We claim that ϑ and ϑ −1 are inverses. Indeed, ϑ • ϑ −1 = id A⊲⊳ δ A because of (4.6) and (4.9), and ϑ• ϑ −1 = id A⊲⊳ δ A because of (4.5) and (4.8) (we leave the verification of the details to the reader).
5. Generalized two-sided crossed product and two-sided generalized smash product
Let H be a finite dimensional quasi-bialgebra and (A, ρ, Φ ρ ),(B, λ, Φ λ ) a right and a left H-comodule algebra, respectively. As in the case of a bialgebra, the right
for all ϕ ∈ H * and a ∈ A, where ρ(a) = a 0 ⊗ a 1 for all a ∈ A. Similarly, the left
for all ϕ ∈ H * and b ∈ B, where we now denote
Following [7, Proposition 11.4 (ii)] we define an algebra structure on the k-vector space A ⊗ H * ⊗ B. This algebra is denoted by A >⊳ H * ⊲< B and its multiplication is defined by
for all a, a ′ ∈ A, b, b ′ ∈ B and ϕ, ϕ ′ ∈ H * , where we write a >⊳ ϕ ⊲< b for a ⊗ ϕ ⊗ b when viewed as an element of A >⊳ H * ⊲< B. The unit of the algebra A >⊳ H * ⊲< B is 1 A >⊳ ε ⊲< 1 B . Hausser and Nill [7] called this algebra the two-sided crossed product. They proved that A ⊗ B is an H-bicomodule algebra (here Φ λ,ρ is trivial) and the diagonal crossed product (A ⊗ B) ⊲⊳ H * is isomorphic, as an algebra, to the two-sided crossed product A >⊳ H * ⊲< B. This construction admits a slight generalization, as follows. Let H be a quasibialgebra, A a right H-comodule algebra, B a left H-comodule algebra and A an H-bimodule algebra. On A ⊗ A ⊗ B define a multiplication by
for all a, a ′ ∈ A, b, b ′ ∈ B and ϕ, ϕ ′ ∈ A, where we write a >⊳ ϕ ⊲< b for a ⊗ ϕ ⊗ b. Then one can prove by a direct computation that this multiplication yields an associative algebra with unit 1 A >⊳ 1 A ⊲< 1 B , denoted by A >⊳ A ⊲< B and called the generalized two-sided crossed product. It is obvious that for H finite dimensional and A = H * we recover the two-sided crossed product A >⊳ H * ⊲< B of Hausser and Nill.
We construct now a different kind of two-sided product, using "dual" objects, that is by replacing comodule algebras by module algebras and the bimodule algebra by a bicomodule algebra. 
for all a, a ′ ∈ A, u, u ′ ∈ A and b, b ′ ∈ B (where we write a◮<u >◭ b for a ⊗ u ⊗ b), and we denote this structure on A ⊗ A ⊗ B by A◮<A >◭ B, then A◮<A >◭ B is an associative algebra with unit
Proof. For all a, a ′ , a ′′ ∈ A, u, u ′ , u ′′ ∈ A and b, b ′ , b ′′ ∈ B we compute:
Finally, by (2.28), (2.29), (2.32), (2.33) and (2.46) it follows that 1 A ◮<1 A >◭ 1 B is the unit of A◮<A >◭ B.
Remarks 5.2. (i)
The generalized two-sided crossed product A >⊳ A ⊲< B cannot be particularized for A = k or B = k because, in general, k is not a right or left H-comodule algebra (in fact, we can do that if and only if we work with a quasiHopf algebra which is a twisted Hopf algebra, i.e. it is of the form H F where H is an ordinary Hopf algebra and F ∈ H ⊗ H is a twist on H). For the algebra A◮<A >◭ B, we can take A = k or B = k. In these cases we obtain the right or left generalized smash products A >◭ B and A◮<A, respectively. For this reason we call the algebra A◮<A >◭ B the two-sided generalized smash product. Note that, in the Hopf case, the multiplication of A◮<A >◭ B is given by
(ii) Let A = H. In this particular case we will denote the algebra A◮<H >◭ B by A#H#B (the elements will be written a#h#b, a ∈ A, h ∈ H, b ∈ B) and will call it the two-sided smash product. Our terminology is based on the fact that when we take A = k or B = k the resulting algebra is the right or left smash product algebra. Note that the multiplication of A#H#B is defined by
It follows that the canonical maps i : A#H → A#H#B and j : H#B → A#H#B, i(a#h) = a#h#1 B and j(h#b) = 1 A #h#b, are algebra morphisms.
In the Hopf case the multiplication of the two-sided smash product is defined by
6. Two-sided products vs generalized diagonal crossed products
As mentioned before, Hausser and Nill proved that a two-sided crossed product over a quasi-Hopf algebra is isomorphic to a right diagonal crossed product. We prove now that a generalized two-sided crossed product is isomorphic to a left generalized diagonal crossed product. Namely, let H be a quasi-bialgebra, A an H-bimodule algebra, (A, ρ, Φ ρ ) a right H-comodule algebra and (B, λ, Φ λ ) a left H-comodule algebra. Then, by [7] , A ⊗ B becomes an H-bicomodule algebra, with the following structure: 
Proof. Define the map ν
for all a ∈ A, b ∈ B and ϕ ∈ A, wherep =p
ρ is the element defined in (2.34). We prove that ν is an algebra map. For a, a ′ ∈ A, b, b ′ ∈ B, ϕ, ϕ ′ ∈ A, we compute:
ρ is another copy ofp ρ . On the other hand, we have seen in Remark 4.8 that for the bicomodule algebra A ⊗ B we have Ω = ω and the multiplications in A ⊲⊳ (A ⊗ B) and
and then we compute (using the formula for ◮◭ ):
, hence it is an algebra map. We prove now that ν is bijective. Define ν
for all a ∈ A, b ∈ B, ϕ ∈ A, whereq ρ =q 1 ρ ⊗q 2 ρ is the element defined in (2.34). We claim that ν and ν −1 are inverses. Indeed,
and this finishes the proof.
Remark 6.2. Let H, A, A, B be as above and consider the map Γ as in Proposition 3.8, with A taken to be A ⊗ B. Then, due to the particular structure of A, the map Γ : A → A ⊲⊳ (A ⊗ B) is given by
for all ϕ ∈ A, wherep ρ is the one corresponding to A. Then, using this formula and (3.21), one verifies that the isomorphism ν from Proposition 6.1 reduces to
where we suppressed the embeddings of A and B into A ⊲⊳ (A⊗B) (this generalizes [7] , Proposition 11.4).
Let H be a quasi-bialgebra, A a left H-module algebra and B a right H-module algebra. Then A ⊗ B becomes an H-bimodule algebra via the H-actions
Proposition 6.3. Let H be a quasi-Hopf algebra, A a left H-module algebra, B a right H-module algebra and A an H-bicomodule algebra. Then the two-sided generalized smash product A◮<A >◭ B is isomorphic as an algebra to the generalized diagonal crossed product (A ⊗ B) ⊲⊳ A.
Proof. Define µ : (A ⊗ B) ⊲⊳ A → A◮<A >◭ B,
for all a ∈ A, b ∈ B and u ∈ A, whereq ρ =q
ρ is the element defined in (2.34). We will prove that µ is an algebra isomorphism. First, observe that the multiplication of (A ⊗ B) ⊲⊳ A is defined by
for all a, a ′ ∈ A, b, b ′ ∈ B and u, u ′ ∈ A. By using (4.1), (2.40), (2.44) and several times (2.36) and (2.26), we obtain that 
for all u, u ′ ∈ A. Finally, using (2.34), (2.45), (2.6) and (2.46), one checks that
Now, for all a, a ′ ∈ A, u, u ′ ∈ A and b, b ′ ∈ B we compute:
it remains to show that µ is bijective. To this end, define µ
for all a ∈ A, u ∈ A and b ∈ B, wherep ρ =p 1 ρ ⊗p 2 ρ is the element defined in (2.34). We show that µ and µ −1 are inverses. Indeed,
for all a ∈ A, u ∈ A, b ∈ B, and similarly
and this finishes our proof.
As a consequence of the two propositions, we obtain the following result:
Corollary 6.4. Let H be a quasi-Hopf algebra, A a left H-module algebra, B a right H-module algebra, A a right H-comodule algebra and B a left H-comodule algebra. Then we have algebra isomorphisms
Invariance under twisting
In this section we prove that the generalized diagonal crossed products and the two-sided smash products are, in certain senses, invariant under twisting (such a result has also been proved by Hausser and Nill in [7] for their diagonal crossed products, with a different method, and by the authors in [2] for smash products).
Let H be a quasi-bialgebra, A a left H-module algebra, A an H-bimodule algebra and F ∈ H ⊗ H a gauge transformation. If we introduce on A another multiplication, by a ⋄ a
, and denote by A F −1 this structure, then, as in [2] , one can prove that A F −1 becomes a left H F -module algebra, with the same unit and H-action as for A. If we introduce on A another multiplication, by 
, and using the identification
Suppose that we have also a left H-comodule algebra B; then, by [7] , on the algebra structure of B one can introduce a left H F -comodule algebra structure (denoted in what follows by B Similarly, if A is a right H-comodule algebra, by [7] one can introduce on the algebra structure of A a right H F -comodule algebra structure (denoted by F A) by putting F ρ = ρ and [7] , that the Drinfeld twist f F on H F depends on the one on H by the formula f F = (S ⊗ S)(F −1 21 )f F −1 , we may obtain algebra isomorphisms
, defined by the trivial identifications. As a consequence, using the expressions of the generalized left diagonal crossed products as generalized smash products, we obtain the following result:
. With notation as before, the algebra isomorphisms
are defined by the trivial identifications.
Suppose again that H is a quasi-bialgebra, A is a left H-module algebra and F ∈ H ⊗ H is a gauge transformation. Suppose now that we also have a right H-module algebra B. If we introduce on B another multiplication, by 
In particular, by taking B = k or respectively A = k, we have algebra isomorphisms
Proof. Follows by a direct computation, similar to the one in [2] .
Iterated products
It was proved in [2] that, if H is a quasi-bialgebra and A is a left H-module algebra, then A#H becomes a right H-comodule algebra, with structure:
Similarly, one can prove that if B is a right H-module algebra, then H#B becomes a left H-comodule algebra, with structure:
In the sequel we need some more general results, that we are stating now (the proof is similar to the one in [2] ).
Let H be a quasi-bialgebra, A a left H-module algebra and A an H-bicomodule algebra. Then A◮<A becomes a right H-comodule algebra, with structure defined for all a ∈ A and u ∈ A by:
Similarly, let H be a quasi-bialgebra, B a right H-module algebra and A an Hbicomodule algebra. Then A >◭ B becomes a left H-comodule algebra, with structure defined for all u ∈ A and b ∈ B by:
. We are now ready to prove that the two-sided generalized smash product can be written (in two ways) as an iterated generalized smash product. Proof. We will prove the first isomorphism, the second is similar. We compute the multiplication in (A◮<A) >◭ B. For a, a ′ ∈ A, b, b ′ ∈ B and u, u ′ ∈ A we have:
. Via the trivial identification, this is exactly the multiplication of A◮<A >◭ B.
Recall from [4] the definition and properties of the so-called quasi-smash product, but in a more general form. Let H be a quasi-bialgebra, A a right H-comodule algebra and A an H-bimodule algebra. Define a multiplication on A ⊗ A by
where we write a # ϕ for a ⊗ ϕ, and denote this structure by A # A. Then A # A becomes a left H-module algebra with unit 1 A # 1 A and with left H-action
Note that for A = H * we obtain the quasi-smash product A # H * from [4] . Also, by taking B a right H-module algebra and A = B as an H-bimodule algebra with trivial left H-action, A # A is exactly the generalized smash product A >◭ B.
We need the left-handed version of the above construction too. Namely, if H is a quasi-bialgebra, B a left H-comodule algebra and A an H-bimodule algebra, define a multiplication on A ⊗ B by
where we write ϕ # b for ϕ ⊗ b, and denote this structure by A # B. Then A # B becomes a right H-module algebra with unit 1 A # 1 B and with right H-action
By taking A a left H-module algebra and A = A as an H-bimodule algebra with trivial right H-action, A # B is exactly the generalized smash product A◮<B. By [4] , a two-sided crossed product may be written as a generalized smash product. We have a similar result for generalized two-sided crossed products, which allows us to write them (in two ways) as generalized smash products. Proof. Follows by direct computations.
We now apply the above results. In [7] , Hausser and Nill generalized to the setting of quasi-Hopf algebras some models of Hopf spin chains and lattice current algebras. The key result for this was the next Theorem, concerning iterated twosided crossed products (with H finite dimensional and A = H * ). The original proof of this theorem is quite difficult to read, being written in the formalism of universal intertwiners. Using our results, we are now able to obtain for free a conceptual proof of the Theorem, together with the explicit form of the structures that appear at (i) and (ii). 
Proof. Writting A >⊳ A ⊲< B as (A # A)◮<B, we obtain that this is a right Hcomodule algebra (being a generalized smash product between a left H-module algebra and an H-bicomodule algebra), and we can write explicitly its structure:
, we obtain that this is a left Hcomodule algebra, with structure:
To prove (iii), we will use the identifications appearing in our results:
and
So, we have proved that the two iterated generalized two-sided crossed products that appear in (iii) are both isomorphic as algebras (via the trivial identifications) to the two-sided generalized smash product (A # A)◮<B >◭ (A # C).
Using the same results, we obtain another relation between the generalized twosided crossed product and the two-sided generalized smash product. More exactly, let H be a quasi-bialgebra, A an H-bimodule algebra, A a left H-module algebra, B a right H-module algebra and A and B two H-bicomodule algebras. As we have seen before, A◮<A (respectively B >◭ B) becomes a right (respectively left) H-comodule algebra, so we may consider the generalized two-sided crossed product (A◮<A) >⊳ A ⊲< (B >◭ B). On the other hand, by the above Theorem of Hausser and Nill, A >⊳ A ⊲< B becomes a right H-comodule algebra and a left H-comodule algebra, but actually, using the explicit formulae for its structures that we gave, one can prove that it is even an H-bicomodule algebra, with Proof. This may be proved by computing explicitly the multiplication rules in the two algebras and noting that they coincide. Alternatively, we provide a conceptual proof, by a sequence of identifications using the above results. We compute:
h ⊗ m → h ⊲ m) and A acts on M to the right (denote by m ⊗ a → m · a this action)
(we denote by h⊗m → h⊲m the left H-module structure of M and by a⊗m → a⋆m the weak left A-action on M arising from Proposition 9.3):
• 
Proof. Assume first that M ∈ H#A M; then we have, by Propositions 9.3 and 9.1:
for all a, a ′ ∈ A, h ∈ H, m ∈ M . We have to prove that M ∈ M H * A . To prove (9.1), we compute (denoting by Q 1 ⊗ Q 2 another copy of q R ):
To prove (9.2), we compute: for all m ∈ M , a, a ′ ∈ A, h ∈ H, and we have to prove that (9.13) for all a, a ′ ∈ A, h ∈ H, m ∈ M . To prove (9.12), we compute (denoting by P 1 ⊗ P 2 another copy of p R ): 
To prove (9.13), we compute: A , then m · a = ma, for all a ∈ A, m ∈ M . To prove (1), we compute: To prove (2), we compute: Let H be a quasi-bialgebra, A an H-bicomodule algebra and C an H-bimodule coalgebra. Let us call the threetuple (H, A, C) a Yetter-Drinfeld datum. We note that, for an arbitrary H-bimodule coalgebra C, the linear dual space of C, C * , is an H-bimodule algebra. The multiplication of C * is the convolution, that is (c * d * )(c) = c * (c 1 )d * (c 2 ), the unit is ε and the left and right H-module structures are given by (h ⇀ c * ↼ h ′ )(c) = c * (h ′ · c · h), for all h, h ′ ∈ H, c * , d * ∈ C * , c ∈ C. In the rest of this section we establish that if H is a quasi-Hopf algebra and C is finite dimensional then the category A YD(H) C is isomorphic to the category of left C * ⊲⊳ A-modules, C * ⊲⊳A M. First some lemmas. 
